Abstract. Recombination of identical, spin-polarized fermions in cold threebody collisions is investigated. We parametrize the mechanisms for recombination in terms of the 'scattering volume' V p and another length scale r 0 . Model two-body interactions were used within the framework of the adiabatic hyperspherical representation. We examine the recombination rate K 3 as a function of the collision energy E for various values of V p . Not only do we consider the dominant J = 1 + case, but also the next-leading order contributions from J = 1 − and 3 − . We discuss the behaviour near a two-body resonance and the expected universality of fermionic recombination. Comparisons with boson recombination are considered in detail.
Introduction
Three-body recombination is a three-body collision process in which two atoms form a molecular bound state and the third one carries away the binding energy. This process limits the achievable density and lifetime in ultracold dilute gases such as degenerate Fermi gases [1] and BoseEinstein condensates (BECs) (for example [2] ). Three-body recombination and the time-reversed process of collision-induced dissociation are also important in nuclear physics, atmospheric chemistry and combustion chemistry. Several theoretical investigations have been carried out for ultracold bosons: Fedichev et al [3] predicted that the three-body recombination rate K 3 grows with the two-body s-wave scattering length a s , namely K 3 ∝ a 4 s for a s > 0. This scaling was later confirmed by Nielsen and Macek [4] who also pointed out that it should hold for negative a s . The scaling law for both signs of a s was indeed obtained by Esry et al [5] , then again by Bedaque et al [6] for a s > 0 and Braaten and Hammer [7] for a s < 0. Three-body recombination of fermions, however, has not yet been considered [8] .
The purpose of this paper is to study the recombination of three identical, spin-polarized fermionic atoms in cold collisions. This study is important since experimentalists are increasingly working with trapped fermions such as 40 K [9] and 6 Li [10, 11] with the aim of observing pairing of fermions, hopefully leading to a state analoguous to superconductivity. In the case of identical fermions, the relevant low-energy scattering parameter is the two-body p-wave 'scattering volume' defined as
where δ p (k) is the p-wave scattering phase shift and k is the wavenumber. We choose V p rather than the p-wave scattering length a p (≡ V 1/3 p ) [12] since an artificial nonanalyticity is introduced into a p when taking the cube root of the quantity in the right-hand side of equation (1) .
We examine the behaviour of the recombination rate K 3 as a function of the scattering volume V p by numerically solving the three-body Schrödinger equation for scattering near zero energy. A generalization of Wigner's threshold law states that the J = 1 + symmetry should dominate near threshold [13] , where J is the total nuclear orbital angular momentum and is the parity of the system. It follows that the recombination rate K 3 depends on the collision energy E as E 2 near threshold. Dimensional analysis, together with the E 2 threshold law, suggests a |V p | 8/3 dependence of the recombination rate K 3 at threshold.
Although the E 2 threshold law suppresses the three-body recombination rate at ultracold temperatures, it does not vanish. While the rate remains vanishingly small under typical experimental conditions, it can become substantial near a two-body Feshbach resonance. The E 2 threshold law no longer applies, and the recombination rate approaches the limit imposed by unitarity-often comparable to or larger than for bosons. Since Feshbach resonances are extremely useful tools for experimentalists, it is crucial to understand the behaviour near a resonance. Such resonances have been observed in systems of fermions such as 40 K [15] and 6 Li [10] as well as in a BEC [14] .
In this work, we calculate the three-body recombination rate for various values of V p , emphasizing its energy dependence. We revisit the dominant 1 + symmetry considered in [8] , but we also present results for the next contributing symmetries, i.e. J = 1 − and 3 − . We describe our method and give all necessary formulae for calculating the three-body recombination rate in section 2. The results are presented in section 3. A summary of this work is given in section 4. We use atomic units throughout except where explicitly stated otherwise.
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Method
We solve the Schrödinger equation for three interacting atoms using a combination of the adiabatic hyperspherical representation [16, 17] and the R-matrix method [18] . In the adiabatic hyperspherical representation, we calculate eigenfunctions and eigenvalues of the fixedhyperradius Hamiltonian in order to construct a set of coupled radial equations. The R-matrix method is then used to extract the scattering matrix from these coupled equations.
After separation of the centre-of-mass motion, any three-particle system (in the absence of an external field) can be described by six coordinates. Three of these can be chosen to be the Euler angles α, β, and γ that specify the orientation of the body-fixed frame relative to the space-fixed frame. The remaining three internal coordinates can be represented by a hyperradius R and two hyperangles θ and ϕ. We use a modified version of the Smith-Whitten hyperspherical coordinates [19] - [22] . The details of the modifications are given in [17] . These coordinates allow us to easily impose the correct permutation symmetry on the wavefunctions. The hyperradius R is the only length coordinate and can thus be thought of as characterizing the overall size of the system. The hyperangles θ and ϕ characterize the shape of the system, and span the ranges [0, π/2] and [0, 2π], respectively. Taking into account the indistinguishability of these three particles, the hyperangle ϕ can be further restricted to the range [0, 2π/3].
We rewrite the Schrödinger equation in terms of a rescaled wavefunction ψ, which is related to the usual Schrödinger solution by ψ = R 5/2 . The volume element relevant to integrals over |ψ| 2 then becomes 2 dR sin 2θ dθ dϕ dα sin β dβ dγ . The Schrödinger equation for three identical particles now takes the form
In this expression, 2 is the squared 'grand angular momentum operator' [17, 20, 22] , and µ is the three-body reduced mass (in the case of identical particles, µ = m/ √ 3). When considering fully spin-polarized atoms that collide in a quartet electronic state, the interaction potential can be modelled as a sum of triplet two-body potentials [5, 8] for the present purposes, i.e.
V (R, θ, ϕ)
where r ij are the interparticle distances. For the dimer potential v(r), we use model potentials for simplicity. The first step that must be carried out is the solution of the fixed-R adiabatic eigenvalue equation for a given symmetry J to determine the channel functions ν (R; ) (we will use ≡ (θ, ϕ, α, β, γ )) and potential curves U ν (R) [16, 17] . In the adiabatic representation the wavefunction ψ E (R, ) is written in terms of the complete, orthonormal set of angular wavefunctions ν and radial wavefunctions F νE ,
The channel functions ν are eigenfunctions of the adiabatic equation, a five-dimensional partial differential equation
and depend parametrically on R. Insertion of ψ E from equation (4) into the Schrödinger equation from equation (2) results in a set of coupled ordinary differential equations
The nonadiabatic coupling elements P νν (R) and Q νν (R) involve partial first and second derivatives of the channel function ν with respect to R. The rigid-body motion represented by the Euler angles (α, β, γ ) is treated by expanding the channel functions ν onto Wigner D functions. The resulting complex coupled equations in θ and ϕ are solved by expanding the wavefunctions onto a direct product of fifth-order basis splines in θ and ϕ. The identical particle symmetry is built into the adiabatic equations via the boundary conditions
which ensure that each solution is either totally symmetric or totally antisymmetric with respect to the exchange of any two particles. The antisymmetric wavefunctions appropriate for identical fermions are identified using a postsymmetrization procedure as the solutions that satisfy
where P 23 is a permutation operator of two particles. Since the channel functions are complex quantities, one has to be careful when choosing their phases in order for the derivative couplings P νν (R) and Q νν (R) to be continuous in R [17] . In the adiabatic hyperspherical representation for short-range potentials, the three-body continuum is rigorously discretized since the adiabatic Hamiltonian in equation (5) depends only on the bounded coordinates . In the asymptotic region (R → ∞), the potential curves approach either the dimer binding energies for the recombination (or two-body) channels or the three-body break-up threshold (U = 0) for the three-body continuum channels. For potential curves with the maximum physics content we must include the diagonal nonadiabatic correction Q νν (R) yielding the effective channel potential
In the three-body continuum when the interparticle distances r ij are all large-giving also a large hyperradius-the interaction potential vanishes, leaving only the kinetic energy term in the adiabatic Hamiltonian. The eigenfunctions of 2 are just the hyperspherical harmonics whose eigenvalues are λ(λ + 4), so the effective potential approaches
where λ takes only the non-negative integer values allowed by symmetry. Asymptotically, the recombination channels approach
where E vl is the rovibrational energy of the molecule in the vibrational state v with angular momentum l ; l is the two-body angular momentum between the molecule and the atom.
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Note that the two-body angular momenta l and l are related to the total angular momentum J by J = l + l , while the parity of the three-body system is = (−1) l+l . Three-body recombination can be pictured as a transition from a three-body continuum channel to a recombination channel driven by their nonadiabatic coupling. In order to characterize the magnitude of this coupling, we define the dimensionless quantity called the 'nonadiabatic coupling strength',
The coupled equations in equation (6) are solved using the finite element method [23] , and the scattering matrix S is extracted using an R-matrix approach [17, 23, 24] . The total event rate constant for three-body recombination is then expressed as
where
is the partial recombination rate corresponding to the J symmetry
Here, λ and f label the incident (three-body continuum) and outgoing (three-body recombination) channels, respectively, and k = (2µE) 1/2 is the hyperradial wavenumber in the incident channels.
As pointed out in [4] - [8] , we expect that the three-body recombination rate depends on one additional parameter. We can choose it as a length parameter r 0 , coming into play in the two-body potential in the form
where D is the overall coefficient used to control the scattering volume V p . Then, because of the analytical form of the Schrödinger equation (2), the three-body reduced mass µ and the length parameter r 0 can be used to define scaled quantities. By defining the scaled hyperradius and the scaled energy asR = R/r 0 andẼ = µr 2 0 E, the Schrödinger equation (2) can be written in the form
andṽ 
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where the scaled wavenumber is given byk = 2Ẽ. Once the rate is calculated as a function of V p at a constantẼ and for given µ and r 0 , we can obtain the rate for any other value of µ and r 0 by means of the above scaling. Similarly, the rate for a different r 0 can be obtained. In practice, we use the values r 0 = 15 au and µ = m( 40 K)/ √ 3.
Results and discussion
Since we do not expect the result to depend sensitively on the exact form of the two-body potential at threshold temperatures, we use a model potential of the form
since it has proven convenient in previous calculations [5, 8] . The coefficient D controls the scattering volume V p and can be used to economize the calculations substantially since we can reduce the number of two-body bound states without sacrificing the ultracold physics. To check this dependence, we also used
This potential more realistically models neutral atom interactions in that it has a van der Waals' tail with the coefficient C 6 = Dr 6 0 . In our calculations, however, D must be small to keep the number of channels manageable, so C 6 is much smaller than would be found for atoms of current experimental interest. Nevertheless, it is qualitatively different from the sech 2 potential, offering a check on the universality of our results. We also performed calculations using a Morse potential
with α = 0.35 au −1 and r min = 11.65 au, which has the final feature of a realistic potential that is missing from our model potentials-a repulsive core at r ij = 0. Figure 1 shows the dependence of V p on D using the sech 2 potential with r 0 = 15 au. The two-body p-wave scattering volume V p behaves qualitatively like the typical s-wave scattering length as a function of the parameter D, displaying a tangent-like structure. As D becomes more negative and the potential becomes more attractive, the scattering volume passes through a pole and changes sign each time the potential becomes deep enough to support one additional p-wave bound state. For computational simplicity, we consider the parameter range for which there exists only one two-body bound state. In the following sections, we consider each of the partial waves J = 1 + , 1 − and 3 − in turn. In particular, we present representative potential curves and couplings and discuss the physical mechanisms of recombination within this framework.
J = 1 +
We first consider J = 1 + since we expect it to dominate in the zero-energy limit E → 0 [8] . In this symmetry, three-body recombination is suppressed and has a E 2 threshold behaviour. dimer binding energy with the centrifugal term characterized by l = 1 in equation (11) . The molecule itself is also in a p-wave l = 1 bound state to satisfy the Pauli principle. The second lowest potential ν = 1 represents the lowest three-body continuum channel, whose asymptotic behaviour is characterized by λ = 2 in equation (10) [13] . Higher potential curves, which we do not show here, asymptotically correspond to λ = 6, 8, 10, . . . as determined by symmetry requirements. In the case of V p > 0, the important feature is the broad avoided crossing that extends over several thousands of atomic units as indicated by the large coupling strength. We identify this as an 'avoided crossing' based only upon the behaviour of the coupling strengththe potentials do not obviously show the crossing. For V p < 0 the potential barrier in the lowest three-body continuum channel (shown in the inset of (b)) plays an important role in the recombination process. Figure 3 shows the nonadiabatic coupling strength for various positive values of the scattering volume V p . The peak position is essentially independent of V p at R ≈ 80 au. In the region just past the peak, a 'shoulder' appears that behaves roughly like R −1/2 and eventually gives way to a 'tail' that decreases like R −5 as expected [25] . We empirically find that the inflection point between shoulder and tail occurs at roughly R = 12V 1/3 p . For V p → +∞, we speculate that the R −1/2 behaviour holds even asymptotically. In this case, it can be expected that the larger the scattering volume, the easier it is for atoms to recombine at large hyperradii. It is worth noting again that the lowest potential curve has a centrifugal barrier for all values of the scattering volume V p . When the scattering volume V p is positive and large, the twobody threshold moves towards the three-body breakup threshold, eventually pushing the top of this barrier above the collision energy for ultracold collisions. It might be expected, then, that recombination will be suppressed by this extra barrier, except possibly at energies matching threebody shape resonances behind this barrier. However, we have not observed any such resonances.
For V p < 0 ( figure 2(b) ), the nonadiabatic coupling strength is localized with a peak near R = 40 au and is essentially independent of V p . Here, the recombination takes place primarily by tunnelling through the potential barrier that exists in the lowest three-body entrance channel to reach the region of large coupling. Figure 4 shows the potential barrier for several negative values of the scattering volume V p . (The conversion from µK to au is 1 µK = 3.166 829 × 10 −12 au.) When V p becomes large and negative, such that the barrier maximum is below the collision energy, recombination is greatly enhanced since the incoming atoms can now pass freely above the barrier and reach the large coupling region. When the energy is over the barrier, the system is certainly not in the threshold regime-no matter the collision energy-and the recombination rate will be large. Stated another way, at a fixed collision energy there is always a negative V p with large enough magnitude that recombination proceeds via over-the-barrier collisions. In these cases the recombination probability approaches one so that the rate is determined primarily by unitarity and falls off as E 2 . In addition, when V p becomes negative and large, there appears a two-body p-wave shape resonance. Figure 5 shows that such a resonance produces a series of avoided crossings in the three-body potential curves at energies near the position of the resonance [26, 27, 29] . The figure shows only five continuum channels, but there are actually an infinity of them producing an infinity of crossings. Interestingly, a two-body Feshbach resonance seems to produce a nearly identical series of crossings [26, 27] , increasing our confidence that understanding the three-body physics near a two-body shape resonance will help us to understand the physics near a Feshbach resonance. As might be expected, though, this infinity of crossings causes difficulties in an adiabatic representation with a finite number of channels. We have not fully resolved this difficulty, but are working on reformulating the problem. In analogy to equation (11), a potential curve of the form
(with l = 1) can be plotted and is shown in figure 5 with a dashed curve. It can be seen that this diabatic curve traces through these crossings suggestively. The two-body p-wave resonance energy-and thus the position of these avoided crossings-approaches the three-body breakup threshold U = 0 when V p → −∞. So, at a fixed collision energy, there always exists a value of V p at which the collision energy is above this series of avoided crossings and out of the threshold regime. Note that the dashed curve is for illustration only and was not used for the calculation. Figure 6 (a) shows the three-body recombination rate K 3 as a function of the collision energy E for positive values of the scattering volume V p . The dashed curve shown in figure 6 represents the unitarity limit. In the zero-energy limit, K 3 indeed increases like E 2 , as is predicted from the threshold law in [13] . At higher collision energies, K 3 decreases as E −2 , required by unitarity. For the smallest V p in figure 6 (a), the energy-dependent recombination rate presents a pronounced minimum at higher collision energies. This minimum results from a destructive interference between two indistinguishable pathways-a Stückelberg oscillation.
For V p < 0 in figure 6(b) , the recombination rate does not show such a feature in this energy range. As for positive V p above, the rate first increases from threshold according to E 2 until the energy is near the top of the barrier, then decreases as E −2 due to the unitarity limit. In fact, at collision energies high compared to the barrier, the rate does not depend on the scattering volume, and takes a value about a factor of 3 smaller than that limit. We empirically find that for V p < 0, the peak position in the rate occurs at an energy slightly higher than the barrier maximum in the lowest three-body entrance channel. Unphysical oscillations are seen near the maximum of K 3 for V p = −8 × 10 6 au 3 , because the six channels included are not sufficient to achieve the convergence near the barrier maximum of the three-body entrance channel. Including more channels reduces the amplitude of the oscillation, but does not eliminate it. We show in figure 7 the three-body recombination rate K 3 as a function of V p for a collision energy equivalent to a temperature of 2 µK as well as the thermally averaged recombination rate,
at a temperature of 2 µK. We plot K 3/8 3 to best reveal whether the predicted |V p | 8/3 scaling holds for the calculated rate [8] . The figure shows that this scaling holds quite well for |V p |/r about 3000 for K 3 (E), but for K 3 (T ) it only holds over the region |V p /r 3 0 | below approximately 1000. Since this scaling is based on the threshold behaviour of the rate, it is not surprising that it breaks down sooner for the thermally averaged rates as they include contributions from energies not near threshold. The scaling breaks down for K 3 (E) when the fixed collision energy passes out of the threshold regime as a function of V p , which can be expected to happen when |V p | becomes large. In particular, the scaling will break down when there is a two-body resonance at or below the collision energy. At large negative V p , for instance, there will be a p-wave resonance. In this limit, it is also possible to pass out of the threshold scaling regime if the barrier in the entrance channel becomes lower than the collision energy. As can be seen in figure 7 , the scaling does not hold for very small V p since K 3 is finite (but small) when V p = 0. We observed a small peak in the rate located at about V p /r 3 0 = −60. This peak is another manifestation of a Stückelberg oscillation, this time from a constructive interference. It disappears and reappears as a function of the collision energy, since the phase difference between these two pathways varies with the collision energy. It should be noted that there is no Efimov effect [31] for fermions in the limit |V p | → ∞ as there is for the boson case in the limit |a s | → ∞. As 
J = 1
− Although the J = 1 + case is predicted to be the dominant symmetry in the limit of zero collision energy, other symmetries may contribute substantially. So, it is interesting to study the energy-dependent partial recombination rates corresponding to various symmetries. We will focus on those predicted to make the main contributions after 1 + -the J = 1 − and 3
− symmetries. Figure 8 shows the potential curves and the nonadiabatic coupling strengths for the J = 1 − symmetry for (a) V p > 0 and (b) V p < 0. In both cases, the lowest two potential (a) V p =+10 6 a.u. curves correspond to recombination channels that approach the same dimer binding energy but with different centrifugal terms associated with l = 0 and 2 in equation (11) (such that l = 1 and l can combine to 1 − ). The third lowest potential curve represents the lowest three-body entrance channel characterized by λ = 3 in equation (10) as required by permutation symmetry. Higher channels, that we do not show here, correspond to λ = 5, 7, 9, 9, . . . .
Here, the main features are similar to those for J = 1 + : for V p > 0, the long-range nonadiabatic couplings play the key role for the recombination, while for V p < 0 there is again a potential barrier in the lowest three-body continuum channel. For all values of V p , the nonadiabatic coupling strength between the three-body continuum channel λ = 3 and the lowest recombination channel with l = 0 is larger than that between the channels λ = 3 and l = 2 as expected intuitively. Further, when the scattering volume V p becomes positive and increases, the range of large nonadiabatic strength also grows, making it easier for atoms to recombine at 53.14 large hyperradii. Finally, just as we have found for both bosons and the 1 + fermions above, when V p becomes negative and large, the barrier maximum in the lowest three-body recombination channel lowers, so that recombination is enhanced.
J = 3
−
The potential curves and the nonadiabatic coupling strengths for J = 3 − case are shown in figures 9(a) for V p > 0 and (b) V p < 0. The lowest two potential curves represent recombination channels that asymptotically approach the dimer binding energy with l = 2, 4 in equation (11) . All the higher potential curves (we show here the lowest one) are associated with the three-body continuum, and correspond to λ = 3, 5, 9, 13, . . . in equation (10) . For all values of V p , the nonadiabatic coupling strength between the channels λ = 3 and l = 2 is smaller and broader than that between the channels corresponding to λ = 3 and l = 4. Just as in the previous cases, the long-range nonadiabatic strengths and the potential barrier in the lowest three-body entrance channel are the key features for V p > 0 and V p < 0, respectively. Note that in the V p > 0 case, the lowest potential curve has a relatively large potential barrier since l = 2. As above, the potential barrier in the lowest entrance channel lowers when V p becomes large and negative, and recombination is enhanced.
Partial wave comparison
We show in figure 10 the partial recombination rates K 3 as functions of the collision energy E for J = 1 + , 1 − and 3 − with (a) V p = +10 6 au 3 and (b) −10 6 au 3 . As expected, the J = 1 + partial rate increases like E 2 from the threshold while the 1 − and 3 − rates behave as E 3 in that limit. We find a complicated structure for the J = 3 − , V p > 0 rate. This structure appears to be physical as the calculations are converged with respect to the number of channels as well as the other numerical aspects. The origin of this structure is not completely understood, but a few observations can be made. First, figure 10(c) shows that the structure is entirely in the higher angular momentum state l = 4. Further, the partial rate for recombination into this channel is generally smaller than for l = 2 except near the maxima of the oscillations. Finally, this structure can make the contribution from the 3 − channel comparable to the 1 + rate already at tens of µK. In the V p < 0 case, the rates increase smoothly, following the E 3 threshold law discussed above, and then decrease as E −2 from the unitarity limit. The peak position in each partial recombination rate is always slightly higher than the barrier maximum of the lowest three-body entrance channel.
We should note that although the symmetries J = 1 + , 1 − , and 3 − are the leading contributions at threshold, they need not be near a two-body resonance where |V p | → ∞. In particular, our results suggest that other J can be comparable near the resonance. For any symmetry J , a p-wave shape resonance produces a series of avoided crossings as in figure 5 . Such cases correspond to large and negative values of V p . A two-body resonance associated with a higher angular momentum l (like a d-wave resonance in the boson case [28, 29] ) would likely produce the same effect, although our model potentials did not support any such resonances.
Universality
One of the remarkable aspects of the recombination rate for three identical bosons is its universality. Ultracold recombination in this case is parametrized very well using only the (a) V p =+10 6 a.u. two-body s-wave scattering length and a second length parameter related to the short-range three-body physics. It is interesting, then, to compare and constrast the universality for identical fermion recombination with that for bosons. In the adiabatic hyperspherical representation, the universality of boson recombination can be understood from the threshold law and the |a s | → ∞ limit. The former states that the recombination rate is constant at threshold and is proportional to |a s | 4 ; the latter corresponds to the Effimov limit which allows a description of the modulation of the basic |a s | 4 scaling. Since the rate is constant at threshold, thermal averaging at ultracold temperatures has little effect. Because the above scaling is based upon the threshold law, however, there is no particular reason to expect that it should hold for all values of a s . In other words, at a fixed collision energy, there could be some value of a s for which the system can no longer be considered to be in the threshold regime. Indeed, we can identify a few such cases. The first is in the limit a s → −∞.
For some large negative a s , the barrier in the entrance channel shrinks below the collision energy, and recombination occurs with nearly unit probability. This same physics was pointed out for each partial wave in the sections above. The second case for which the scaling will break down is when a two-body shape resonance lies near the collision energy. There are, of course, no swave shape resonances, but realistic systems will have resonances for higher partial waves. This 
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potential curve obtained in the |V p | → ∞ limit is not known analytically, so the recombination in this limit is not known with the same confidence as for bosons.
Summary
We have investigated the recombination of three identical, spin-polarized fermions in cold collisions and have numerically calculated the recombination rate, focusing on its energy dependence. We have first considered the J = 1 + symmetry that is expected to dominate at threshold, and have also studied its dependence on the scattering volume V p . We have also considered the next-leading symmetries, i.e. 1 − and 3 − . In general, the recombination rate increases following the threshold law and then decreases as E −2 imposed by the unitarity limit. The 1 + symmetry is indeed dominant in the threshold regime, but 1 − and 3 − become comparable as the energy passes from this regime. The important point is that this crossover can happen at the energy of a two-body resonance even at what would otherwise be considered ultracold temperatures. Moreover, partial waves higher than wave considered here likely contribute substantially to the recombination rate near the resonance.
Although we have considered three identical fermions, with some slight modifications to our codes, it is possible to treat systems with only two identical particles. Three-body recombination of such systems plays an important role in experiments on mixed-spin state Fermi gases and mixed Bose-Fermi gases.
